INTRODUCTION
the elastic spherical pendulum, as an analogous application of adding an oscillating degree of freedom to a rotational system.
Introduction
In wave-current interaction (WCI), the current is interpreted as a Lagrangian flow, while the wave is interpreted as an Eulerian field. This is intuitively clear, because the waves would propagate even if the fluid were not moving. Thus, it's natural that waves and currents would be treated differently in a variational principle which would generate both types of dynamics. The objective of this paper is to build a consistent variational theory of the interactions of these two types of degrees of freedom
The key idea here for the WCI analysis is the introduction of a phase-space Lagrangian written as a partial Legendre transform L(q,q) = pq − H(p, q) for the wave degrees of freedom (q, p). As a result, we will find that fluid circulation can be created by dynamics under forces arising both from advected fluid quantities and from wave activity. This approach follows the phase-space Lagrangian formulation of quantum mechanics introduced in 1934 by Frenkel and Dirac [29] . The approach has become a mainstay of plasma physics where it has been used to model the time-mean (ponderomotive) forces which rapid electromagnetic oscillations (e.g. microwaves) exert on the slow dynamics of the fluid plasma [48, 45] For a modern application of the Frenkel-Dirac phase-space Lagrangian in the classical-quantum interaction for non-adiabatic electron dynamics in molecular chemistry, see [28] . For a recent treatment of phase-space Lagrangians for fast-slow WKB dynamics of high-frequency acoustic waves interacting with a larger-scale compressible isothermal flow, see [10] .
The main result of the paper is Theorem 4.2 which presents a closed dynamical theory of WCI which can be extended into stochastic wave-current dynamics. The closure is governed by the choice of the dispersion relation in the wave Hamiltonian in the phase-space Lagrangian for the wave field. The closure is flexible enough to treat a variety of different types of waves, and also for the waves and currents to be made stochastic in different ways.
The paper begins with a deterministic example, in which the Euler-Poincaré reduced Lagrangian for the Euler-Boussinesq (EB) fluid is coupled via a momentum map to a phase-space Lagrangian containing a certain Hamiltonian for the wave field. The variations easily recover the well-known generalised Lagrangian mean (GLM) equations for the EB fluid. In the resulting dynamics, it turns out that fluid circulation can be created either by the buoyancy forces and other forces which arise from advected fluid quantities, as one would expect, or by forces which arise from the wave field.
In summary, the theory is developed via Hamilton's principle by coupling a standard fluid Lagrangian with a phase-space Lagrangian for the wave field. Hamilton's principle results in a closed dynamical theory of WCI. The theory can be deterministic, or it can be extended into the realm of stochastic wave-current dynamics. We compute the deterministic GLM dynamics which result at the first step. Then we compute the equations for the stochastic extension and use it to show how its deterministic geometric foundations are preserved as it is extended into the stochastic domain. The deterministic and stochastic 3D GLM equations for an EB fluid are developed to illustrate the effectiveness of the method for application to WCI. Other examples are given for 1D and 2D shallow water motion, and for the swinging and springing motion of an elastic spherical pendulum.
Plan of the paper and main content. Section 2 introduces the ideas behind phase-space Lagrangians. Then it makes a quick and simple derivation of a closed set of equations. For a certain choice of the wave Hamiltonian, this set turns out to easily recover the Generalised Lagrangian Mean (GLM) equations for stratified, rotating, incompressible Euler-Boussinesq fluid motion in three dimensions [1] . The closure of the theory for a given fluid Lagrangian depends on the choice of dispersion relation for the Hamiltonian in the phase-space Lagrangian for the wave field dynamics. This feature makes the closure very flexible for treating a variety of different types of waves. Section 3 reviews the stochastic variational principle underlying the SALT (Stochastic Advection by Lie Transport) approach to the derivation of stochastic fluid equations which preserve the geometric structure of fluid dynamics. The motivations and usage of the SALT approach are also briefly discussed. Section 4 combines the ideas in the first two sections to extend the SALT approach to stochastic nonlinear wave propagation (SNWP) in deriving a new stochastic theory of Wave-Current Interaction (WCI) in which the dynamics of either or both the waves and the currents can be made stochastic. The WCI model is formulated in general terms and its main mathematical properties are established.
Section 5 applies the general theory to derive the SALT and SNWP terms for GLM in 3D stratified Euler-Boussinesq fluids, while Section 6 derives the SALT and SNWP terms for 1D and 2D shallow water WCI (SWWCI) equations. Section 6 also derives the Hamiltonian structure for SWWCI, which turns out to recover a type of non-canonical Lie-Poisson bracket introduced by Krishnaprasad and Marsden in [46] for the motion of a rigid body with a flexible attachment. It seems fitting that the WCI should have such deep roots in geometric mechanics. Section 7 emphasises our main result for our WCI model. Namely, the WCI model treated here enables the exchange of energy through the particle-field coupling between the two different kinds of motion. In the WCI approach which we have implemented here, the fluid flow velocity is proportional to the sum of two different kinds of momentum which enable an action-reaction response. In this interaction, the waves may create circulation, and vice-versa, the circulation may emit waves. This is particularly clear in the Kelvin circulation theorem representation of WCI. Section 7 also reviews the main geometric mechanics ideas for our approach to WCI and suggests other types of open problems which may be treated via this approach.
Appendix A discusses the swinging spring, or elastic spherical pendulum. The present approach is applied as a dynamical systems analogue of WCI. When the rigid spherical pendulum is made elastic the possibility opens for the new oscillation degree of freedom to interact with the original rotational degrees of freedom. The resulting exchange of energy can be quite dramatic [41] .
Deterministic background for waves on the ocean
The feedback between waves and currents is important in the air-sea interaction. The wind excites wave trains on the surface of the sea. As these wave trains propagate, they transmit a vertical flux of horizontal momentum into the ocean currents below, via a type of ponderomotive force.
This section derives the ponderomotive force in wave-current interaction (WCI) by reformulating the Andrews-McIntyre generalised Lagrangian mean (GLM) theory [1] using a phase-space Lagrangian in the GLM Hamilton's principle [31, 39] . The reformulation of GLM here regards the wave field and current flow as separate degrees of freedom, which are coupled by momentum conservation via action and reaction arising because the propagation of the waves takes place in the reference frame of the moving current.
Thus, ocean waves are 'on' the ocean, but they are also 'of' the ocean. Either an external excitation such as the wind, or the dynamical exchange of kinetic and potential energies in ocean flow can create wave trains. Then, once excited, these wave trains can propagate through the ocean, even if the ocean currents are still and calm. Moreover, the propagation of the waves induces circulation in the current flows.
Thus, the statement of the Wave-Current Interaction (WCI) problem suggests a hybrid, or compound, description in which the wave field is regarded as a separate degree of freedom, through which the winds of the atmosphere can interact with the currents of the ocean. This conception arises from a fast-slow dynamic decomposition of hybrid degrees of freedom which is also familiar in other branches of physics, such as the guiding center and oscillation center models in plasma physics, in which averaging over the fast degrees of freedom leads to ponderomotive forces of the wave envelope on the mean flow. See, e.g., [23, 48, 45, 6] . It is also the basis of of the Generalised Lagrangian Mean (GLM) fluid description [1] which itself goes back back to averaged Lagrangian methods of Whitham [59] . In these theories one separates the complete flow into a composition of two flows which comprise the slow Lagrangian mean flow and the rapid fluctuations around the slow mean flow.
GLM as an example of slow-fast decomposition. The Generalised Lagrangian Mean (GLM) flow theory of Andrews and McIntyre [1] is in principle an exact theory of nonlinear waves on a Lagrangian mean flow, although it is not actually closed. It also describes Lagrangian aspects of fluid motion within an Eulerian framework. Its potential universality has made GLM the canonical theory for investigating wave mean flow interaction (WMFI) [1, 31] or, equivalently, wave-current interaction (WCI) [47] . For example, GLM recovers the Craik-Leibovich equations [21] when the wave field is irrotational and the shear is weak [47] , and it allows an extension of Craik-Leibovich instability theory when the wave field is rotational and the shear is strong [18] . Instability of the wave-mean flow interaction in the latter case produces longitudinal vortices generally known as Langmuir circulations [18] .
The main operational feature of GLM is that is describes wave mean flow interaction in the sense that a new propagating wave degree of freedom can be introduced into fluid dynamics via an asymptotic expansion in fast-slow time and space dependence away from zero wave amplitude in a way which preserves the variational derivation of the equations of motion [31] .
As a finite-dimensional example, one may consider the rotations of the rigid spherical pendulum as discussed in Appendix A. If the pendulum were made slightly elastic, then very rapid oscillations could take place, which may be mainly negligible. However, as the pendulum becomes more elastic and begins to behave more a like a radial spring, its oscillations and the resulting oscillation-rotation interaction (ORI) can become an important feature of the dynamics [41] . For example, when resonances occur in the system, one may see regular exchanges between springing motion (oscillation) and swinging motion (rotation). Analogously, GLM has the capability of introducing a new degree of wave freedom and assessing what effects it will have on the fluid solution at the unperturbed approximation.
Refinements of GLM. The GLM theory has inspired many refinements. These refinements include determination of the higher-order correction terms in the ratio of the time scales for currents and waves from a phase-averaged Hamilton's principle in Lagrangian coordinates [31] . This particular refinement established the noncanonical Lie-Poisson Hamiltonian formulation of GLM as the dynamics of two interpenetrating flows, with two different types of momentum, just as in Landau's 2-fluid theory of superfluids, [49, 54] . The GLM equations at second order in an asymptotic expansion in the ratio of the time scales are called the glm equations [35, 36] When a Taylor hypothesis closure is imposed on the glm equations for the incompressible ideal Euler fluid flow, one obtains the Euler-alpha model, originally known as the N -dimensional Camassa-Holm equation [42, 11] . In the Taylor hypothesis closure for the Euler-alpha equations, the length-scale (alpha) is the mean correlation length of the fluctuations of the Lagrangian trajectory away from its mean. When viscosity is added in the form of momentum diffusion, one obtains the Lagrangian Averaged Navier-Stokes-alpha (LANS-alpha) turbulence model. The LANS-alpha turbulence model has been analysed deeply mathematically [26, 27] and its primitive equation version has been implemented successfully for global ocean circulation [33, 34] .
For more in-depth discussions of recent developments of GLM, see [7, 8, 30, 39, 58] . In particular, recent refinements of GLM include its formulation for flows on manifolds [30] , and its extension from deterministic to stochastic dynamics, within the Euler-Poincar'e variational framework of geometric mechanics [39] .
The present paper continues these refinements in reformulating the GLM variational principle derived in [39] by introducing a phase-space Lagrangian to describe the wave degree of freedom. The present result is a closed Hamiltonian theory which is shown to be equivalent to GLM for a certain choice of the Hamiltonian. The closure is governed by the choice of wave Hamiltonian, so it is potentially flexible enough to apply to a variety of different types of waves, although only the GLM theory is discussed in this paper.
WCI for stratified EB fluids: the Generalised Lagrangian Mean (GLM)
We introduce the idea of a phase-space Lagrangian for the wave components of fluid flows by applying it to study WCI in a familiar example. Specifically, we propose a simplified version of WCI for the well-known 3D Euler-Boussinesq (EB) fluid. The EB fluid is a stratified, rotating, incompressible flow governed by the Euler fluid equations in the Boussinesq approximation. Here, we propose a variational formulation of WCI, with Hamilton's principle parameterised by a phase space Lagrangian which includes a Hamiltonian functional H W (q, p) for the wave physics. The wave Hamiltonian depends on the phase-space variables (q, p) = (φ, N ) for the collective degrees of freedom known as wave phase, φ, and its canonically conjugate momentum, which is the familiar GLM wave action density, N .
After computing the variational equations, we will show that choosing the wave Hamiltonian to be H W = D N ω(k)d 3 x for k = ∇φ closes the GLM equations of [1] and recovers the usual physical interpretations of their wave properties.
Remark 2.1. One recalls that p := N ∇φ =: N k is called the pseudomomentum density in the GLM theory [1] . Consider the functional M ξ (φ, N ) defined by the following L 2 pairing of the 1-form density N ∇φ with a vector field ξ(x)
(2.1)
In the canonical Poisson bracket the functional M ξ (φ, N ) in (2.1) generates translations in space of the wave variables φ and N along the characteristic curves of the vector field ξ(x). This can be seen by computing the canonical Poisson brackets,
where L ξ denotes Lie derivative with respect to the vector field ξ(x), which is defined as the infinitesimal transformation along the flow generated by ξ(x).
Phase-space Lagrangian derivation of the GLM equations We augment the known deterministic Lagrangian for EB fluids [42] by appending to it a phase-space Lagrangian for wave field dynamics, to write the WCI action integral for Hamilton's principle as follows,
3)
The first line of the Lagrangian in (2.4) is the fluid Lagrangian for EB fluids in standard form [42] . The second line is the phase-space Lagrangian for the wave degrees of freedom. The term − D N ∇φ · u L d 3 x in the second line has both wave and fluid components. This term serves to couple the EB Lagrangian for the fluid variables with the phase-space Lagrangian for the wave variables by pairing the wave momentum with the fluid velocity. Equation (2.2) shows that variations of this term in (φ, N ) translate the wave variables along the Lagrangian trajectories of the current flow velocity u L (x, t). The variation of this Lagrangian with respect to the current velocity u L (x, t) produces the Eulerian momentum density for GLM,
Remark 2.2. The key idea in proposing the action for WCI dynamics in equation (2.4) is the separation of the Lagrangian (current) and Eulerian (wave) degrees of freedom in Hamilton's principle. This is done by introducing a standard Euler-Poincaré Lagrangian for the current flow [42] and a phase-space Lagrangian for the wave field. The two Lagrangians are coupled by the mechanical connection obtained by pairing the velocity of the current flow with the momentum map of the Hamiltonian wave system. Coupling by this pairing has the effect that the waves propagate in the local reference frame of the current flow. The result is a closed dynamical theory whose structure can be extended into stochastic wave-current dynamics. To demonstrate the applicability of this hybrid approach, we first use our wave-current Hamilton's principle approach to recover the deterministic Generalised Lagrangian Mean (GLM) equations for an Euler-Boussinesq (EB) fluid. We then recover the stochastic version of the GLM equations for EB fluid derived earlier in [39] which also introduces stochasticity into the GLM wave field.
Deterministic wave-current interaction for EB fluid flow. Upon applying the standard Euler-Poincaré theory for symmetry-reduced Lagrangians as explained in [42] to the Lagrangian in (2.4), the dynamics of the EB fluid with these additional wave variables is found to obey the following system of equations, 1
5)
where we have used the variational identity δH W /δφ = − div(δH W /δk) at constant N , which follows from k := ∇φ. The total momentum density m and pressure π in these equations are defined by the following variational derivatives of the GLM Lagrangian in (2.4),
The motion equation for WCI in equation (2.5) implies the following Kelvin circulation dynamics
where c(u L ) is a material loop moving with the flow at velocity u L (x, t). Thus, the wave forcing terms in (5.10) can generate circulation of the fluid. Likewise, the remainder of the equations in (2.5) imply that the fluid motion also transports the wave propagation in the reference frame of the fluid flow, as was expected. Thus, the phase-space Lagrangian for the propagation of waves while they are being transported by the fluid flow has produced a model of wave-current interaction in the EB fluid. Next, we would like to discuss how this variational description of wave forcing fits into the vast literature of wave mean flow interaction [53, 59, 8] .
Example 2.3 (A simplified, separated wave Hamiltonian). Closure of the WCI system (2.5) requires one to choose the wave Hamiltonian, H W (k, N ). One may interpret the physical meanings of the various wave terms by considering a simplified and factorised wave Hamiltonian of the form,
in which v G (k) := ∂ω(k)/∂k is the group velocity for the dispersion relation ω = ω(k) between wave frequency, ω, and wave number, k. For this simplified, separable wave Hamiltonian H W , the wave variables in equation (2.5) obey the following familiar WKB relations in the frame of the fluid motion,
The wave dynamics in (2.9) may be written in a suggestive canonical Hamiltonian form in the reference frame of the fluid motion as
where L u L denotes Lie derivative with respect to the transport vector field which in GLM theory is the Lagrangian mean velocity u L . Thus, one may identify the operation (∂ t + L u L ) as the time derivative in the frame of the moving fluid. The wave dynamics in equations (2.9) and (2.10) provide insight into wave propagation in a fluid flow. The equations may seem to describe the classic type of wave propagation in a moving medium [53, 59, 8] . However, equation (5.10) for the circulation dynamics implies that the wave motions can also affect the motion of the medium, which for our factorised wave Hamiltonian (2.8) becomes
in which the operation (∂ t + L u L ) appears again as the time derivative in the frame of the moving fluid and the wave forcing term involves physically meaningful wave properties. According to equation (2.11), for the wave Hamiltonian (2.8) the wave forcing on a fluid flow depends individually on the following wave properties: wave action density N ; wave vector k; gradient of dispersion relation ∇ω(k); and group velocity v G (k). The next example will show that equations (2.9) and (2.11) with m given in (2.6) and H W (N, k) given in (2.8) are equivalent to the GLM equations for the EP stratified, rotating, incompressible fluid.
Example 2.4 (Comparing WCI equations (2.5) with the Andrews and McIntyre GLM formulation [1] ).
For the choice of wave Hamiltonian (2.8) of Example 2.3, one may quite easily identify the WCI terms in (5.10) which correspond to the GLM formulation. In the GLM notation [1, 39] , the wave variables involve the Eulerian time mean correlations denoted as ( · ) among terms involving the fluctuation displacements ξ i (x, t) and the fluctuation pressure p ξ (x, t). These wave mean variables for GLM include the relative group velocity v j G = (p ξ K j i ∂ φ ξ i ) and an approximation of the kinematic fluctuation pressure, − π ℓ ≈ p ξ ,j K j i ξ i . Here K j i is the cofactor of the Jacobian for the fluctuating flow
The GLM fluctuation quantities are related to the GLM time-mean wave variables N and p as 
This calculation proves the following proposition. Remark 2.6 (WCI relation to GLM). The result in proposition 2.5 that the WCI equations for the WKB Hamiltonian in (2.8) recovers the standard GLM equations for EB fluid motion reflects a certain equivalence among WKB, WCI and GLM. These three approaches are all deeply connected with fastslow decompositions and averaging variational principles in time at fixed Eulerian position. For a recent discussion of these links and their history, see [10] . any Euler-Poincaré fluid theory as a shortcut approach for deriving the form of the corresponding GLM equations. We will see another example for shallow water waves in section 6.
The remainder of the paper will discuss the dynamics of uncertainty in WCI, as represented by stochasticity in this variational framework in hybrid wave-current variables. The investigation of the effects of random waves on the dispersion of fluid particles is a feature of modern research [44] . We hope that a hybrid variational formulation of stochastic WCI associated with a Hamiltonian closure for GLM would be interesting and useful, as well.
3 Variational principles for stochastic fluid dynamics (SALT)
The variational principles for stochastic fluid dynamics derived in [38] have come to be known as stochastic advection by Lie transport, abbreviated as SALT [13, 14, 15] . In the SALT fluid equations, the Lagrangian parcels move along Stratonovich stochastic paths, on which the Kelvin circulation theorem still holds for closed material circulation loops.
The variational equations for stochastic fluids introduced in [38] showed that such equations arise from Hamilton's principle for the following action integral, in which the advected quantities are constrained to move along the Stratonovich stochastic paths: from a stochastically constrained variational principle δS = 0, with action, S, given by
where ℓ(u, a) is the unperturbed deterministic fluid Lagrangian, written as a functional of velocity vector field, u, and advected quantities, a. The stochastic dynamics of the advected quantities imposes a constrant on the variations known as a driving martingale relation in which the operation d in (3.1) may be regarded as a stochastic differential. For more discussion of this notation and the concept of driving martingales, see [22] . The angle brackets in
denote the spatial L 2 integral over the domain of flow of the pairing < b , a > between elements a ∈ V and their dual elements b ∈ V * . In (3.1), the quantity b ∈ V * is a Lagrange multiplier and L dxt a is the Lie derivative of an advected quantity a ∈ V , along a vector field dx t defined by the following sum of a drift velocity u(x, t) and Stratonovich stochastic process with cylindrical noise parameterised by spatial position x, [52, 55] 
Remark 3.1. The quantity dx t (x) in (3.3) may be regarded as a stochastic Eulerian vector field parameterised by the spatial position x which generates a smooth invertible map in space whose parameterisation in time is stochastic. 2
A useful map called the diamond operation ⋄ : T * V → X * is defined as follows.
Definition 3.2 (The diamond operation). On a manifold M , the diamond operation ⋄ : T * V → X * is defined for a vector space V with (b, a) ∈ T * V and vector field ξ ∈ X is given in terms of the Lie-derivative operation L u by b ⋄ a , ξ The SPDEs which result from the stochastically constrained variational principle δS = 0 for S defined in All fluid theories advect mass, whose density D = ρ d 3 x satisfies the following Stratonovich stochastic continuity equation,
The motion and advection equations in (3.5) and the continuity equation (3.6) imply the following Kelvin circulation theorem. 
7)
Remark 3.5 (Creation of fluid circulation by advection). The first step in the proof of the fluid circulation equation (3.7) invokes the Kunita-Itô-Wentzell theorem whose use in the derivation of stochastic fluid dynamics is discussed in [4] . Equation (3.7) extends the familiar statement that fluid circulation can be created by the dynamics of the advected fluid quantities into the realm of fluid circulation on stochastically moving material loops.
Equations (3.3) and (3.5) have already been applied with good effect for uncertainty quantification and data assimilation resulting in reduction of uncertainty by using particle filtering in several exemplar problems [13, 14, 15] . Future steps will turn toward oceanic applications of SALT for stochastic upper ocean dynamics (STUOD). However, the upper ocean dynamics has an added feature which cannot be addressed with the present SALT theory. Namely, upper ocean dynamics depends strongly on wavecurrent interaction (WCI). Historically, WCI has been a fundamental issue in ocean physics itself, not to mention its effect on modelling uncertainty and its potential complications in data assimilation. Now, the outstanding problem for STUOD is, "How to extend the SALT approach to accommodate WCI?" Naturally, to face this issue, we must return to basics. The first question might be, "How can we extend the stochastically constrained variational principle δS = 0 for SALT, with action S given in equation (3.1) to accommodate WCI?" For this, one would need to introduce a wave degree of freedom which would allow some of the fluid variables to propagate relative to the fluid flow, rather than being simply advected. Moreover, we must ask, "Would those wave variables have their own type of stochasticity which would be independent of stochastic advection?" and "Would one be able to represent the uncertainty in wave dynamics through stochastic propagation?" Fortunately, the derivation obtained by using the phase-space Lagrangian for the wave dynamics discussed in Example 3.1 of the deterministic GLM equations for the EB fluid has already revealed a potential pathway to a theory of stochastic WCI. Namely, one may be able to extend the variational principle for SALT to include a stochastic phase-space Lagrangian for the wave variables.
This extension will be the aim of the remainder of the paper. We know that SALT will affect the wave motion, because the waves propagate in the frame of the stochastic fluid motion. And we know that the evolution of the waves will affect the circulation of the fluid. However, we would also like to know how uncertainty in the wave propagation itself might affect the uncertainty of the fluid flow. The next section lays out the general formulation. Then, in the last section, we conclude by rederiving the stochastic GLM equations of [39] for stratified EB fluids by using the WCI approach of the previous section, augmented by allowing the Hamiltonian for the wave variables in the phase-space Lagrangian to be stochastic.
Including stochastic nonlinear wave propagation (SNWP) for WCI
To extend the stochastically constrained variational principle (3.1) for SALT in order to accommodate the effects of SNWP on WCI, we will need additional wave variables and an additional constraint amongst them which will correspond to stochastic nonlinear wave propagation. For this purpose, we shall work in the abstract framework sketched in the introduction to introduce a set of canonically conjugate wave variables denoted (q, p) and propose the following minimal coupling form of the wave action integral to the SALT action integral for fluid flow in (3.1),
Here, the angle brackets represent real L 2 integral pairing, dx t is given in (3.3) and the stochastic Hamiltonian functional dJ (q, p) for SNWP is given in Stratonovich form by
2)
Remark 4.1 (Minimal coupling -an idea from quantum mechanics). Both the minimum coupling idea and the phase-space Lagrangian in the action integral (4.1) were introduced by Paul Dirac in the early days of quantum mechanics. Minimum coupling is sometimes called 'jay-dot-ay' (J · A) coupling because of its interpretation in coupling a solution ψ of the Schrödinger equation for a quantum charged particle such as an electron with charge e and current density J = eℑ(ψ * ∇ψ) to Maxwell's equations for an electromagnetic field with vector potential A. This type of coupling is still invoked universally in quantum problems today. For example, one may see J · A used for coupling classical nuclei to quantum electrons in the quantum hydrodynamic theory of molecular chemistry, [28] . Thus, it may be no surprise that minimal coupling might arise here again, as a natural approach for coupling the Lagrangian mean flow of fluid trajectories to the essentially Eulerian properties of wave propagation. In fact, as for the deterministic WCI case, the minimal coupling term will add the wave momentum map p ⋄ q to the total momentum, m = δℓ(u, a)/δu. As one might expect, the minimal coupling term will also boost the wave dynamics into the frame of the stochastic fluid flow.
Applying the definition of the diamond operation (⋄) in (3.4) to the minimal coupling term in the action integral with the phase-space Lagrangian in (4.1) yields
for (p, q) ∈ T * V and the Stratonovich stochastic vector field dx t ∈ X given in (3.3) and appearing in the Lie-derivative operation L dxt for the advection constraint in the action integral (4.1).
As a consequence of equation (4.3), the minimum coupling in the action integral (4.1) may be absorbed into the phase-space Lagrangian in (4.1), as
where its purpose now is to represent time derivatives along the flow of the Lagrangian trajectories of the stochastic mean flow map φ t generated by the Stratonovich stochastic vector field dx t ∈ X given in (3.3) . This statement may be proved by recalling that the pullback φ * t q t of a time dependent quantity (e.g. the state variable q t ) by the stochastic time-dependent map φ t generated by the stochastic vector field dx t satisfies the stochastic differential relation [4] d(φ * t q t ) = φ * t dq + L dxt q . (4.5)
For more discussion of the mathematics of stochastic geometric mechanics, see [4] .
The stochastic dynamics associated with Hamilton's principle for the action integral for the stochastic phase-space Hamiltonian in (4.4) may be encapsulated in the following theorem. (4.4) ).
The extension of SALT to include SNWP is governed by the following system of equations.
where dx t is given in (3.3) and dJ (q, p) is given in (4.2). 
The corresponding variational derivatives of K(q, p) = p ⋄ q , σ(x) Proof. The first step of the proof of Theorem 4.2 is to take the elementary variational derivatives of the action integral (4.1), to find δu :
(4.11)
Using these relations and the two lemmas below will lead to the required motion equation,
whose left-hand side recovers the SALT equations, and whose right-hand side reveals the extension of SALT to include SNWP, along with the auxiliary equations for a, q and p in (4.11).
Remark 4.7 (The total momentum is the sum of particle and wave components). Suppose the kinetic energy density in the Lagrangian ℓ(u) in (4.9) is proportional to the square of the Eulerian transport velocity, u. Then, the momentum density obtained from the variational derivative result for δℓ/δu above will comprise the sum of the particle and wave momentum densities (δℓ/δu = b ⋄ a + p ⋄ q). This means that the total momentum density comprises the sum of the particle momentum density (m = b ⋄ a), whose canonical Poisson bracket spatially translates both the advected variables (a) and their conjugate dual variables (b) together, as well as the wave momentum (n = p ⋄ q) whose canonical Poisson bracket spatially translates both the phase of the wave (q) and its canonically conjugate momentum, the wave action density (N ). In other words, the sum of the momentum densities acts via the Poisson bracket to translate the canonically conjugate field variables for both degrees of freedom of the flow together. Proof. For an arbitrary vector field w ∈ X(M ), one computes the following pairing.
(4.14)
Since w ∈ X was arbitrary, the last line completes the proof of the Lemma. In the last step we have also used the coincidence that coadjoint action ad * v m is identical to Lie-derivative action L v m when a vector field v ∈ X acts on a 1-form density m ∈ X * . Proof. For an arbitrary vector field w ∈ X(M ), one computes the following pairing.
dn , w X = dp ⋄ q + p ⋄ dq , w X = dp , −L w q + p , −L w dq We conclude that the role of the Lie transport operators in the last line of equation (4.11) is not simply to put the wave propagation into the frame of the stochastic fluid motion. This is because the wave propagation is not passive. Indeed, the nonlinear diamond terms on the right-hand side of the first equation in (4.6) have already been shown to generate circulation of the fluid in the Kelvin theorem stated in equation (4.9).
Thus, as the waves propagate in the frame of the fluid flow, they can transfer momentum to the fluid flow, which is seen as generation of fluid circulation in Kelvin's theorem. The result is stochastic wave-current interaction (SWCI). When the fluid flow is added back into the wave dynamics, equations (4.17) with the choice (4.4) for the semimartingale part of the wave Hamiltonian in equation (4.2) become in which we see that the wave properties are transported by both wave and fluid vector fields in SWCI. These relations imply the following corollary, in which the contributions to the generation of circulation for the choice of wave Hamiltonian in (4.8) can be seen explicitly. 
where the material loop c(dx t ) follows the stochastic Lagrangian fluid path generated by the vector field dx t given in equation (3.3) for a stochastic term dW t , which is not correlated with dB t above.
Finally, once more we have seen from the Kelvin theorem (4.19) that even when the fluid is steady and any stochastic processes are absent in this hybrid model, one should not expect to return to the isolated wave dynamics for whatever type of wave was originally being modelled. After all, the Kelvin theorem (4.19) tells us that even steady wave propagation can induce fluid flow, when the diamond terms on its right-hand side do not vanish.
Application #1: SALT and SNWP for GLM in stratified EB fluids
The deterministic case. In equation (2.4), we augmented the known deterministic Lagrangian for EB fluids [42] by appending to it a phase-space Lagrangian for wave dynamics, as follows,
The first line of the Lagrangian in (5.1) is the fluid Lagrangian for EB fluids in standard form [42] . The second line is the phase-space Lagrangian for the wave degrees of freedom. The term − D N ∇φ · u L d 3 x in the second line has both wave and fluid components. This term serves to couple the EB Lagrangian for the fluid variables with the phase-space Lagrangian for the wave variables by pairing the wave momentum with the fluid velocity.
To proceed, let us rewrite the deterministic equations (2.5) for the stratified EB fluid dynamics in a more geometric form so we will be able to see their relation to the stochastic Kelvin circulation theorem more easily,
where the total momentum density m and pressure π in these equations are recalled from (2.6) as,
From the first two equations, one obtains the form needed for the Kelvin theorem,
Next, we recall the factorised wave Hamiltonian which leads to the GLM equations, (5.5) in which v G (k) := ∂ω(k)/∂k is the group velocity for the dispersion relation ω = ω(k) between wave frequency, ω, and wave number, k.
The motion equation for WCI in equation (5.2) implies the following Kelvin circulation dynamics
where c(u L ) is a material loop moving with the flow at velocity u L (x, t).
The SALT and SNWP stochastic cases. To recover the SALT GLM equations derived in [39] and extend them to SNWP GLM equations by following the general case in the previous section, we make two replacements. One is in the transport velocity and the other is in the wave Hamiltonian, as
For GLM we choose the diffusion part of the wave Hamiltonian to be K W (N, φ) = N ∇φ · σ(x) d 3 x, as in equation (4.10) of Remark 4.10. Thus, equation (5.4) becomes
Here, the Bernoulli quantity π as π := δℓ δD
which is required in order to impose preservation of volume when the transport velocity dt is stochastic, as discussed in [22] .
where c(dx t ) is a material loop moving with the stochastic flow velocity dx t in (3.3). Thus, the SALT and SNWP augmentations of GLM have been derived.
6 Application #2: SALT and SNWP for shallow water waves Phase-space Lagrangian derivation of the Shallow water waves in 1D (SWW1D) Following the pattern in (2.4), we augment the known deterministic Lagrangian for SWW1D [42] by appending to it a phase-space Lagrangian for wave dynamics. We may then write the WCI action integral for Hamilton's principle as follows,
Hamilton's principle gives
As before, we choose the wave Hamiltonian to be 
Likewise, we write canonical Hamiltonian equations for the wave variables (φ, N ),
Thus, in the variables (m, D, φ, N ) the Poisson matrix operator is block diagonal. That is, we may write equations (6.9) and (6.10) as
However, because the partial momentum m = Du−N φ x in equation (6.6) is an unfamiliar fluid variable, it may be easier to understand the equations for the total momentum M = Du, in the usual language of fluid velocity. Therefore, we will transform the block diagonal Poisson matrix in (6.11) into the total momentum M = m + N ∂ x φ = Du as well as (D, φ, N )). After this transformation to the total momentum variable we find the following Poisson matrix in a class of Lie-Poisson operators whose fundamental properties in finite dimensions have already been discussed by Krishnaprasad and Marsden in [46] , for the Hamiltonian dynamics of rigid bodies with flexible attachments, 
This transformation takes the Poisson matrix to a class of Lie-Poisson operators in infinite dimensions whose fundamental properties have already been discussed by Holm and Kupershmidt in [40] , for the Hamiltonian dynamics of superfluid He4 and He3 with vortices. This class of Lie-Poisson brackets was also derived for complex fluids such as liquid crystals, as well as for superfluid He4 with vortices in [32, 37] .
These other appearances of the same class of Hamiltonian structure as for WCI help to interpret the wave physics we are dealing with in the present paper. Namely, all of the other theories associated with this class of Lie-Poisson brackets refer to the additional physics described in terms of order parameters whose dynamics can be regarded as occurring internally in the frame of the moving fluid. That is, the orderparameter dynamics can be regarded as subscale physics taking place relative to the frame of reference of the primary fluid motion. This is quite well-known for the case for the 2-fluid model of superfluids, for example [32] . Actually, it is also well-known for GLM, when one considers the fluid interpretation of the GLM pseudomomentum and wave action density as a pair of momentum maps for the actions of translations and phase shifts of a complex wave amplitude, as one does for the famous Madelung transformation of quantum mechanics [50] .
The order-parameter interpretation of the present formulation of WCI stemming from its Hamiltonian structure makes it seem natural to introduce a stochastic version of WCI in this formulation, in order to describe the uncertainty which may arise due to unresolved effects of the wave-current interaction. 
The variational derivatives in (M, D, φ, N ) are found from (6.14) as
where we have used equation (6.3) for the variations of the wave Hamiltonian H W (N, φ x ).
After a bit of manipulation one may write equations (6.13) a form which is familiar in fluid dynamics,
where k = φ x is the 1D wave vector and v G (k) = ∂ω/∂k is the group velocity. One may regard the additional force in the 1D motion equation which depends on the wave variables as a nonhydrostatic 'ponderomotive' pressure force due to the presence of the wave degree of freedom which propagates in the local frame of reference of the fluid flow. This only happens in 1D, though, because there is no distinction between div and grad in 1D.
The SALT and SNWP stochastic cases for the Hamiltonian version of SWW1D. We propose an extension to stochastic SWW1D flow on the Hamiltonian side by modifying the Hamiltonian function in equation (6.14) to make it stochastic, following equation (4.10) for the diffusion part of the wave Hamiltonian, as
Then, the stochastic version of the SWW1D motion equations in (6.13) becomes
where one defines the hydrostatic pressure (π) and stochastic transport vector field (dx t ) as, 19) and one introduce notation for the stochastic versions of group velocity ( v G ) and frequency ( ω) as 20) written here in vector form for clarity when generalising to higher dimensions. Physically, the noise introduced into the diffusion part of the wave Hamiltonian in equation (6.17) produces in (6.20) a stochastic shift in the group velocity, accompanied by the corresponding Doppler shift in the wave frequency.
Remark 6.3 (Determining the noise eigenvectors ξ i (x) and σ i (x)). As in [13, 14, 15] the vector fields ξ i (x) and σ i (x) would need to be specified, or obtained, from another source, such as observation data for the velocity-velocity correlation tensor for the currents, and the effective group velocity and wave frequency of the wave field. Determining these functions will comprise the fundamental crux of applying this class of stochastic GLM equations for uncertainty quantisation and data assimilation.
The 1D fluid dynamical form of these stochastic SWWCI equations is
In 2D, these stochastic Hamiltonian equations would be written in fluid dynamical form as
The stochastic Kelvin circulation theorem corresponding to the stochastic SWWCI motion equation in 2D is given by
in which the wave sources of circulation are evident.
Conclusion
The main result of the present work is the Hamilton's principle derivation of a closed dynamical model of WCI which includes GLM and can be extended into stochastic wave-current dynamics. The closure is governed by the choice of wave Hamiltonian in the phase-space Lagrangian. The model is flexible enough to include a variety of different wave fields, and for the waves and currents to be made stochastic in different ways for testing causes of uncertainty. The model would apply, for example, as an efficient way of adding nonlinear wave physics which may not have been modelled, needed or resolved in a previous model, or regime of operation.
Many open questions for future research have arisen in developing the stochastic Hamilton's principle framework, which was created primarily for uncertainty quantification in the hybrid wave-current interaction. On the Hamiltonian side, for example, the framework developed here leads to the Krishnaprasad-Marsden theory (KM87) [46] . The KM87 theory has already been the basis for several useful theories of hybrid plasma-fluid interaction dynamics on the Hamiltonian side [60, 12] and its formulation on the Hamilton's principle side has been accomplished in [43] . Thus, KM87 is a natural Hamiltonian partner for the stochastic WCI hybrid theory which has been developed here on the Lagrangian, or Hamilton's principle, side. Conversely, one may consider passing from the known KM87 Hamiltonian descriptions of hybrid kinetic theory and fluid plasma systems, either to the corresponding derivation on the Hamilton's principle side for additional modelling purposes, or directly to a stochastic Hamiltonian model as in section 6. Regarding topics for further research, one may consider testing the effectiveness of the model in different situations by investigating other types of WCI for a variety different types of wave physics. For example, one could develop a self-consistent WCI theory for Kelvin waves propagating on superfluid vortices which are being transported by the surrounding flow. A WCI theory of Alfvén waves propagating on dynamics of magnetic field lines in magnetohydrodynamics (MHD) could also be developed, perhaps by following ideas for time-mean oscillation center dynamics for MHD in [56] . One may also consider introducing this approach for probing the effects of submesoscale physics in oceanography.
As we have discussed, the main geometric mechanics ideas for our approach to WCI (including the phasespace Lagrangian approach, of course) were already developed and in effective use in particle-fluid plasma physics at least forty years ago [23, 48, 45, 56] . For additional background in this matter, see, e.g., [6, 10] . However, the connection of these mainstream geometric mechanics ideas to stochastic methods for uncertainty quantification in WCI for GLM with potential applications in oceanography, for example, has been waiting until now to be made.
Under the scaling and rotation action in (A.2), the terms in the Lagrangian (A.1) transform as 
L(Ω, Γ; S, P ) = m 2 |Ω × S| 2 − mg Γ · S
Rotations & Gravity
+ Ω · S × P Coupling term
where P := ∂L/∂Ṡ = mṠ from the second line. The cross term in the square of the total velocity in the first line has vanished, because the swinging velocity Ω × S and springing velocityṠ are orthogonal. That is, 2Ṡ · Ω × S = 2Ṙx 0 · Ω × Rx 0 = 0. We see that the coupling term which boosts the spatial oscillations into the rotating frame also vanishes, i.e., the total angular momentum is given by With the vanishing of the coupling term, these manipulations have separated the original Lagrangian into an SO(3)-reduced Lagrangian for rotations (Ω) and translations (Γ) in the body frame, plus an (S, P ) phase-space Lagrangian for oscillations in the spatial frame. This is consistent with our intuition that the springing motion could occur even if the spherical pendulum were not swinging. In this system, the springing oscillations are the analogues of the waves in WCI dynamics. Likewise, the swinging motion due to exchange of kinetic and gravitational energies in the rotating frame are the analogues of the currents interacting via exchanges in physics and energetics with their advected quantities in WCI. The first set of these equations has the form of a heavy top whose vector S from the support to the centre of mass has its own dynamics. The second set reveals the S dynamics to be Newtonian with a sum of three forces, the spring restoring force, gravity and the centrifugal force. Clearly, the oscillations in S will drive rotational motion in Π and Γ, which will feed back to S, provided the initial condition is not oriented vertically. 3 The discussion here of the swinging spring dynamics in which oscillations can drive rotations supports the analogous conclusions in the text (such as Corollary 4.4) that waves could drive currents.
A.2 The stochastic swinging spring
By using the same methods as in the text for stochastic WCI, one may include SALT noise in the swinging rotations of the elastic spherical pendulum. However, the analogy is not complete. In fact, the condition S × P = 0 precludes introducing the analog of SNWP noise into the springing motions of the elastic spherical pendulum in the same way as we have done for the wave propagation in the EB fluid case in the text. The lesser task of including SALT noise only in the swinging rotations of the elastic spherical pendulum will not be pursued here, though, because the results would be too similar to the case of SALT noise for the rigid heavy top which has already been investigated in [3] .
